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Abst rac t - -Th is  paper is concerned with the nonlinear partial difference quation with continuous 
variables m 
A(x  + a, y) + A(x,  y + a) - A(x,  y) + E hi(x, y, A(x  - ai, y - ~-i)) -~ 0, 
i=l 
where a, ai, ri are positive numbers, h i (x ,y ,u )  E C(R  + × R + x R, R), uhi(x,  y, u) > 0 for u ¢ 0, 
hi is nondecreasing in u, i = 1 . . . .  , m. Some oscillation criteria of this equation are obtained. (~) 1999 
Elsevier Science Ltd. All rights reserved. 
Keywords - -Par t ia l  difference quations, Oscillation, Nonlinear. 
1. INTRODUCTION 
Partial difference quations are difference quations that involve functions with two or more inde- 
pendent variables. Such equations arise from considerations of random walk problems, molecular 
structure problems [1] and numerical difference approximation problems [2]. Recently, oscillation 
problems for partial difference quations have been investigated in [3-8]. 
In this paper, we consider a nonlinear partial difference quation with continuous variables 
m 
A(x+a,y )+A(x ,y+a) -A(x ,y )+Eh i (x ,y ,A(x -a i ,y - r i ) )  =0,  (1.1) 
i=1 
where hi c C(R + × R + × R,R),uhi(x,y,u) > 0, for u ¢ 0, hi is nondecreasing in u,a, ai,Ti > 0, 
i = 1 , . . . ,m.  Let a = maxi=l ..... m{Cq},T = maxi=l ..... m{T~}. 
A solution of (1.1) is a continuous function A(x, y) defined for x >_ -a ,  y _> --T, which 
satisfies (1.1) on R + × R +. A solution A(x, y) of (1.1) is said to be oscillatory if it is neither 
eventually positive nor eventually negative. In this paper, we obtain some oscillation criteria for 
equation (1.1). Our results extend some known oscillation results [3,4]. 
2. MAIN RESULTS 
LEMMA 2.1. Assume that A(x, y) is an eventually positive solution of (1.1), uhi(x, y, u) > 0, for 
u ~ O. Define 
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l fZ+~f  y+~ 
A(u, v) dv du, (2.1) 
then we have Z(x, y) > O, ~ < 0 oz ' Or < 0 for all large x and y. 
PROOF. Because A(x, y) is an eventually positive solution of (1.1), obviously, Z(x, y) > O, even- 
tually. From (1.1), we get A(x + a, y) + A(x, y + a) - A(x, y) < O, for all large x and y. So, 
fy+a OZ(x ,y )_  1 
(A(~ + ~,v) - A(~,~))d~ < O. Ox a 2 Jr 
Similarly, we get ~yZ < 0 for large x and y. The proof is complete. 
REMARK 2.1. Similarly, we can get the following result: if A(x, y) is an eventually negative 
solution of (1.1), uhi(x,y,u) > 0, for u ~ 0. Then we have Z(x,y)  < 0, oz oz > 0 , -~ > 0, for all 
large x and y. 
LEMMA 2.2. Suppose that 
(i) hi C C(R + x R + x R ,R) ,uh i (x ,y ,u)  > O, for u ~ O, hi(z,y,u) is nondecreasing in u, 
(ii) hi(x, y, u) is convex in u for u >_ O. 
Let A(x, y) be an eventually positive solution of (1.1) and Z(x, y) be defined by (2.1). Then we 
have the following. 
(1) Z (x, y) is an eventually positive solution of the following inequality: 
m 
z (x  + a, y) + Z(x, y + a) - Z(x, y) + ~ hi(x, y, Z(x - oi, y - ~i)) < O. (2.2) 
i= l  
(2) There exist nonnegative integers ki and li, such that 
m 
Z(x + a, y) + Z(x, y + a) - Z(x, y) + ~ hi(x, y, Z(x - kia, y - lia)) < O, (2.3) 
where kia = ai, if  mini=l ..... m{ki} = 0 and lie = ~-i, if mini=l ..... m{li} = O. 
PROOF. From (1.1), we have 
- h i (u,v,A(u - ai,v - Ti))dvdu = O. Z(x+a,y )+Z(x ,~+a)  z (x ,y )+~i=l .x  ~r 
By Conditions (i), (ii), and Jensen's inequality, we have 
m 
Z(x + a, y) + Z(x, y + a) - Z(x, y) + Z hi(x, y, Z(x - ai, y - Ti)) <_ O, 
i=1 
i.e., (2.2) holds. 
Since a, ai, Ti are positive real numbers, so there exist nonnegative integers ki and li, such that 
ai = kia + Oi, Ti = lia + ~i, where 0 _< 0i, ~i < a. 
From Lemma 2.1, we know that Z(x, y) is nonincreasing. So, Z(x - ai, y - ri) >_ Z(x - kia, 
y -  lia), if mini=l ..... m{ki} ¢ 0 and mini=l ..... m{li} ~ O. 
Since hi(x, y, u) is nondecreasing in u, so we have 
m 
z (x  + a, y) + Z(x, U + a) - Z(x, y) + ~ hi(x, y, Z(x - ki~, U - ti~)) 
i= l  
m 
<_ Z(x + a, y) + Z(x, y + a) - Z(x, y) + E hi(x, y, Z(x - cri, y - ri)) < O. 
i=1  
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So (2.3) holds. If  mini=, ..... m{ki} = 0 and mini=l ..... m{li} ¢ O, we have 
Z(x  - a i ,  y - "ri) >_ Z(x - a i ,  y - lia). 
If mini=l ..... m(ki} 7 ~ 0 and mini=l ..... m{li} = 0, we have 
Z(x - ai, y - 7"i) >_ Z(x - kia, y - Ti). 
The proof is complete. 
REMARK 2.2. Suppose Condition (i) of Lemma 2.2 holds and hi(x,y,u) is concave in u for u < 0. 
Let A(x, y) be an eventual ly negative solution of (1.1) and Z(x, y) be defined as (2.1). Then we 
have the following. 
(1) Z(x, y) is an eventually negative solution of the following inequality: 
m 
Z(x + a, y) + Z(x, y + a) - Z(x, y) + ~ hi(x, y, Z(x - ai, y - Ti)) >_ O. 
i=1 
(2) There exist nonnegative integers ki and li, such that  
m 
Z(x + a, y) + Z(x, y + a) - Z(x, y) + Z hi(x, y, Z (z  - kia, y - lia)) >_ 0, 
i=1 
where kia = ai, if mini=l ..... m{ki} = 0 and lia = Ti, if mini=l ..... m{/i} = 0. The following lemma 
is taken from [3]. 
LEMMA 2.3. Let Z(x, y) be a real continuous function. Then 
ko lo 
' ~ Z(Z(x  + (i + 1)a, y + ja) + Z(x + ia, y + (j + 1)a) - Z(x + ia, y + ja)) 
i=O j=O 
ko+l lo ko 
= Z ZZ(x+ia 'y+ja)+ZZ(x+ia 'y+( l °+ l )a )+Z(x+(k°+l )a 'Y ) -Z(x 'Y ) "  
i= l  j= l  i=O 
Let ai = kia + Oi, ri = lia + ~i, Oi, ~i 6 [0, a), k i and li axe nonnegative integers, i = 1, . . . ,  m. We 
have the following result. 
THEOREM 2.1.  Assume that  
(i) hi(x,y,u)  6 C(R  + x R + x R,R)  is nondecreasing in u, uhi(x,y,u)  > 0, for u # 0; 
m 
(ii) l im in fx ,y -~,  u-~0 hi (x ,y ,u) /u  = Si >__ 0, Y~i=l Si > 0; 
(iii) hi(x,y,u)  is convex in u for u > 0 and concave in u for u < 0, i = 1 , . . .  ,m; 
(iv) one of the following conditions holds: 
m 
~ 2n'Si O?i + 1)m+l > 1, 
rli m 
i----1 
m k~' 
s, (hi - r )k , - ,  > 1, 
i= l  
m lli, ~Si(li _-i-)._1 > 1, 
m 
~ Si > 1, 
i= i  
Then every solution of (1.1) is oscillatory. 
if ~i = min{ki, li} > 0, i = 1 , . . . ,m,  (2.4) 
if min {ki} > 0, min {/i} = 0, (2.5) 
i=l, . . . ,m i=l, . . . ,m 
if min {k i}  = O, min  { l i}  > O, (2.6) 
/=l,...,rn i=l , . . . ,m 
if min {ki} = min {li} =0.  (2.7) 
i=l, . . . ,m i=l, . . . ,m 
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PROOF. Suppose to the contrary, let A(x, y) be an eventually positive solution of (1.1). Define 
Z(x, y) as (2.1), then by Lemma 2.1, we obtain limx,y--.oo Z(x, y) = ~ > O. We claim that ~ = 0. 
Otherwise, suppose ¢ > 0. By Lemma 2.2, (2.2) holds. From (2.2) and Condition (i), we have 
Z(x + a, y) + Z(x, y + a) - Z(x, y) < O. 
Taking the limit on both sides of the above inequality, we have ~ _< 0, which is a contradiction. 
So, ~ = 0. 
In view of (2.2), we have 
2Z(x + a, y + a) 
- 1 < Z(x+a,y )  + Z(x ,y+a)  _ 1 
z(x,y) 
~-~ hi(x, y, Z(x - ai, y - Ti) ) <_ Z..., i=1 Z(x, y) 
(2.s) 
Let Oi = min{ki, l i}, i  = 1, . . . ,m.  For Yi > 0, i = 1 , . . . ,m,  (2.8) leads to 
2Z(x + a, y + a) -1<_-~ 
i=1 
i= l  
×II 
j= l  
hi(x, y, Z(x - rha, y - ~ha)) 
z(x, y) 
hi(x, y, Z(x  - rlia, y - rlia)) 
Z(x - ja, y - ja) 
Z ( x -- -~ ---2- 1-~,, y -~ - 1)a)' 
(2.9) 
for all large x and y. 
Let a(x, y) = Z(x, y ) /Z (x  + a, y + a). Then a(x, y) > 1 for all large x and y. From (2.9), we 
have 
2 ~-~ hi(x, y, Z(x - ~ia, y - rlia)) ,n 
+ ~ -Z-(x---rl~a:y--'~a) I I  a(x - ja, y - ja) < 1. (2.10) ol(x~ y---~ 
i--1 j= l  
By Condition (ii), (2.10) implies that a(x, y) is bounded. We rewrite (2.10) in the form 
m ~]i 
2 + E hi(x, y, Z(x - ~ia, y - ~ha)) I-I a(x - ja, y - ja)a(x,  y) < a(x, y). (2.11) 
Taking the inferior limit on both sides of (2.11) and letting j3 = lim infx,y--.~ a(x, y), we obtain 
m 
i=1 
Hence, 
2 m 
-~ <_ 1 - E SdTT" (2.12) 
i=1 
which implies f~ > 2 and )-~im__l S~(j3m+l/(]~ - 2)) _< 1. We know that min~>~(j3m+l/(/3 - 2)) = 
2m((Th + 1)m+l/yin'). Hence, we have 
m &2" + 1).,+1 
_< 1, 
which contradicts (2.4). 
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For mini=l ..... m{ki} > 0 and mini=l ..... m{li} = 0, Lemma 2.2 leads to 
m 
Z(x + a, y) + Z(x, y + a) - Z(x, y) + E hi(x, y, Z(x - kia, y - Ti)) < O. 
i=l  
Hence, 
Z(x + a, y) + Z(x, y + a) ~-~ hi(x, y, Z(x - k~a, y - Ti)) 
Z(x, y) - 1 < - "--" Z(x, y) 
i=1 
=_£h,(x,y,Z(x-kia, y-T,))Z(x-a,y-Ti) f l  Z(x-ja, y-'ri) 
i=, 2K-KU4, v::~;~ ~(7, ~[ Z(x- U-: Keg;j-- ~,) j=2  
Since Z(x, y) is decreasing in x and y, so Z(x - a, y - vi) /Z(x, y) > 1, for all large x and y. The 
above inequality leads to 
Z(x + a,y) ~ hi(x,y,Z(~- k,~,y- Ti)) ~ Z(~ - j~,y - ~i) <,.  (2.,3) 
@ 
Z(x,y)  + -~--k--~a-~---7"5 Z(x -  (j -1 )a ,y -  T,) 
i=1 j=2 
Let a(x,y)  = Z(x ,y ) /Z (x  + a,y) > 1. From (2.13), we have 
m 
1 +Eh i (x ,y ,Z(x_k ia ,  y_T i )  ) k, 
c~(x,y) i=, -~(x :~(a -~- -  T~ [ I  C~(X -- ja, y -- Ti) < 1. 
j=2 
By Condition (ii), the above inequality implies that a(x, y) is bounded. Let/3 = lim infx,y-~oo a 
(x, y). Similar to the proof of (2.4), we can obtain 
1 m 
< 1 -E  Si/3k'-" 
i= l  
which implies that/3 > 1 and ~i~=1 5~(/3k~/(/3 -- 1)) < 1. 
Note that min~>x(/3k~/(/~- 1)) = (k~'/(ki - 1)k'-l), then we obtain 
£~/(ki . -T~k i_ l  ~ 1, 
i= l  
which contradicts (2.5). 
The proof of (2.6) is similar to the proof of (2.5). Now we consider the last ease, mini= a ..... ,~ {ks} 
= mini=l ..... m{li} = O. 
By Lemma 2.2, (2.2) holds. Hence, 
m 
z (x  + a, v) + z(x ,  v + a) - z (x ,  v) + Y~ h~(x, v, Z(x, v)) 
i=1 
m 
< Z(x + ~, y) + z(x ,  v + ~) - z (x ,  v) + ~ hi(x, y, z (x  - ~ ,  y - ~-i)) <_ o. 
i=1 
So 
hi(x, _ 1 < O. Z(x, Y)) Y, 
~=1 Z(x, y) - 
Taking the inferior limit on the above inequality, we have 
m 
ES i -1  <0,  
i=1 
which contradicts (2.7). 
If A(x,y)  is an eventually negative solution of (1.1), we can lead to a contradiction by the 
similar method as above. The proof is complete. In the following, we give another esult. 
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THEOREM 2.2. Assume that Conditions (i) and (iii) of Theorem 2.1 hold and 
m ko lo h,(x+ia, y+ja,  u) 
> 1, (2.14) lira sap E E E 
x'Y--*°°'u"*On=l i=O j=O 
where k0 = min{k l , . . . ,  kin}, l0 = min{/1, . . . ,  lm}. Then every solution of (1.1) is oscillatory. 
PROOF. Suppose to the contrary, let A(x, y) be an eventually positive solution of (1.1). Define 
Z(x, y) as (2.1), then we have l imx,y_~ Z(x, y) = 0 and (2.3) holds. From (2.3), we have 
ko lo 
EE[  z(x + (i + 1)a, y + ja) + Z(x + ia, y + (j + 1)a) - Z(x + ia, y + ja)] 
i=O j=O 
) +EE hn(x+ia, y+ja,  Z (x+( i -kn)a ,y+( j - ln )a ) )  <_0. 
i=0 j=O n=l  
So by Lemma 2.3, we get 
ko lo m 
Z(x, y) >_ E E E hn(z + ia, y + ja, Z(x + (i - kn)a, y + (j - ln)a)). 
i=0 j=O n=l 
When k0 = 0, we use an to substitute kna, when l0 = 0, we use Tn to substitute lna. Since 
h~(x, y, u) is nondecreasing in u, we get 
ko lo m 
Z(x,y) > E E E hn(x + ia, y + ja, Z(x,y)), 
i--0 j=0 n=l  
ko lo m h " 
i.e., ~-~.i=o ~-:~j=o ~-~,~=1( n(X + za, y + ja, Z(x, y))/Z(x, y)) < 1, which is contrary to the condi- 
tion (2.14). In the case where A(x, y) is eventually negative, the proof is similar. The proof is 
complete. 
Next, we give an example. 
EXAMPLE 2.1. Consider the partial difference quation with continuous variables 
A(x + 1, y) + A(x, y + 1) - A(x, y) 
(y+2) (y -  1) 3 (1 +A2(x  2, 1) )A(x  2, 1) 0. (2.15) 
-~ y(y + 1)(y 2 - 2y + 1 + sin2(zrx)) - y - - y - = 
Here h(x,y,u) = ((y + 2)(y - 1)3/y(y + 1)(y 2 - 2y + 1 + sin2(Irx)))(1 + u2)u. We can see that 
liminfx,y-~oo,u-.o(h(x,y,u)/u) = 1 > 0, and limsupx,y_.~,lul_.lbl h(x,y,u sign u) = (1 + b 2) 
Ibl > 0, for b ~t O. h(x, y, u) is convex as u > 0 and concave as u < 0, and )-]~im__l 2"Si((7]i + 1)'~+1/ 
~h m) = 2(1 + 1) 1+1 = 8 > 1, so by Theorem 2.1, every solution of (2.15) is oscillatory. In fact, it 
is not difficult to prove that A(x, y) = (sin(Trx))/y is an oscillatory solution of (2.15). 
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